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Abstract 

Let G be an edge-colored graph. A heterochromatic (rainbow, or multi¬ 
colored) path of G is such a path in which no two edges have the same color. 
Let dP{v) denote the color degree and GN{v) denote the color neighbor¬ 
hood of a vertex v of G. In a previous paper, we showed that if d‘^{v) > k 
(color degree condition) for every vertex v of G, then G has a heterochro¬ 
matic path of length at least and if \GN{u) U GN{v)\ > s (color 

neighborhood union condition) for every pair of vertices u and v of G, 
then G has a heterochromatic path of length at least [|] -|- 1. Later, in 
another paper we first showed that if A; < 7, G has a heterochromatic path 
of length at least A: — 1, and then, based on this we use induction on k and 
showed that if A; > 8, then G has a heterochromatic path of length at least 
1. In the present paper, by using a simpler approach we further 
improve the result by showing that if A: > 8, G has a heterochromatic path 
of length at least -|- 1, which confirms a conjecture by Saito. We also 
improve a previous result by showing that under the color neighborhood 
union condition, G has a heterochromatic path of length at least . 

Keywords: edge-colored graph, color degree, color neighborhood, hete¬ 
rochromatic (rainbow, or multicolored) path. 
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1. Introduction 


We use Bondy and Murty jS] for terminology and notations not defined here and 
consider simple graphs only. 

*Research supported by NSFC. 
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Let G = (y, E) be a graph. By an edge-coloring of G we will mean a fnnction 
C* N, the set of natnral nnmbers. If G is assigned snch a coloring, then 

we say that G is an edge-colored graph. Denote the colored graph by (G, G), and 
call G(e) the color of the edge e e E. We say that G{uv) = 0 if nn ^ E{G) for 
u,v E V{G). For a snbgraph H of G, we denote G{H) = {G(e) | e G E{H)} and 
c{H) = \G{H)\. For a vertex v of G, the color neighborhood GN{v) of v is defined 
as the set {G(e) | e is incident with n} and the color degree is d^^^v) = |GA^(n)|. 
A path is called heterochromatic (rainbow, or multicolored) if any two edges of it 
have different colors. If u and v are two vertices on a path P, uPv denotes the 
segment of P from u to v, whereas vP~^u denotes the same segment bnt from v 
to u. 

There are many existing literatnre dealing with the existence of paths and 
cycles with special properties in edge-colored graphs. In [B], the anthors showed 
that for a 2-edge-colored graph G and three specihed vertices x, y and z, to decide 
whether there exists a color-alternating path from x to y passing throngh 2 ; is NP- 
complete. The heterochromatic Hamiltonian cycle or path problem was stndied 
by Hahn and Thomassen HO], Rodl and Winkler (see P), Frieze and Reed P, 
and Albert, Frieze and Reed p. For more references, see pppiiiliig Many 
resnlts in these papers were proved by nsing probabilistic methods. 

In P, the anthors showed that if G is an edge-colored graph with d'^{v) > k 
(color degree condition) for every vertex v of G, then G has a heterochromatic 
path of length at least (^1, and if \GN{u) U GA^(n)| > s (color neighborhood 
nnion condition) for every pair of vertices u and v of G, then G has a heterochro¬ 
matic path of length at least [1] -|- 1. In P, we first showed that if 3 < fc < 7, G 
has a heterochromatic path of length at least k — 1, and then, based on this we 
nse indnction on k and showed that if /c > 8, then G has a heterochromatic path 
of length at least -|- 1. In the present paper, by nsing a simpler approach we 
farther improve the resnit by showing that if fc > 8, G has a heterochromatic path 
of length at least (yI + which conhrms a conjectnre by Saito. We also show 
that nnder the color neighborhood nnion condition, G has a heterochromatic path 
of length at least • 

2. Long heterochromatic paths under the color 
degree condition 


In this section we will give a better lower bonnd for the length of the longest 
heterochromatic path in G when k > 8. As an indnction initial, we need the 
following resnit as a lemma. 

Lemma 2.1 (jiSJ) Let G be an edge-colored graph and 3 < k < 7 an integer. 
Suppose that d^{v) > k for every vertex v of G. Then G has a heterochromatic 
path of length at least k — 1. 


2 



Then, we need to do the following preparations. 


Lemma 2.2 Suppose P = UiU 2 - ■ .uiUi+i is a longest heterochromatie path. If 
there exists an x sueh that 3 < x < I and C{uiUx) ^ C{P), then C{ux-iUx) ^ 

{CN{ui+i) - C{uiui+i, U2U1+1 ,ui-iui+i)). 


Proof. By contradiction. If there exists av G V (G) — V (P) such that C{ui+iv) = 
C{ux-iUx), then Ux-iP~^uiUxPui+iv is a heterochromatie path of length / + 1, a 
contradiction. So C{ux-iUx) ^ {CN{ui+i) - C{uiUi+i, U2U1+1,..., ui_iUi+i)). I 

Lemma 2.3 Suppose P = U 1 U 2 ... uiui+i is a longest heteroehromatic path, v G 
V{G) — V{P) and C{ui+iv) = C{uiU 2 ). If there exists an x sueh that 2 < x < 
I - 2 and \C{uxV,Ux+ 2 v) - C{P)\ = 2, then C{uxUx+i,Ux+iUx+ 2 ) n {CN{ui+i) - 

C{uiui+i, U2U1+1,..., ui-iui+i)) = 0 . 


Proof. By contradiction. If there exists a v' ^ V(G) — V (P) such that Ui+iv' G 
E{G) and G{ui+iv') G G{uxUx+i,Ux+iUx+ 2 ), then uiPuxVUx+ 2 Pui+iv' is a het- 
erochromatic path of length / + 1, a contradiction. So G{uxUx+i,Ux+iUx+ 2 ) H 
{GN{ui+i) - G{uiUi+i,U 2 Ui+i, ..., ui-iui+i)) =0. I 


Lemma 2.4 Let P = U 1 U 2 ... m/Mz+iUi he a path in G sueh that 
(a) uiPui+i is a longest heteroehromatic path in G; 

(h) GiuiJ^iVi) = Giuj^Uj^+i) and I < jo < I is as small as possible, subject to 

(a). 

Then G{uiUjg+i,UiUjQ+ 2 , • • •, UiU 2 jo) C C(P). 


Proof. By contradiction. If there exists an x such that jo + 1 < x < 2jo 
and G{uiUx) ^ C{P), then Ux-iP~^UiUxPui+i is a heterochromatie path of 
length / and Mjo+ 1%0 is the x - jo - 1 < 2jo - jo - I = jo - I < Jo-th 
edge in this heterochromatie path, contradicting the choice of P. Therefore 
G{uiUjg+l,UiUjQ+2, • • • , UiU2jo) c C(P). I 

Lemma 2.5 Let P = U 1 U 2 ... uiUi+iVi he a path in G such that 
(a) uiPui+i is a longest heterochromatie path in G; 

(h) GiuiJ^iVi) = G{ujQUj^^+l) and I < jo ^ I is as small as possible, subject to 

(a). 

Then for any 2jo + 1 < x < I, \G{uiUx,UiUx+i) — G{P)\ < 1. 

Proof. By induction. If there exists an x such that 2jo + 1 < x < I and 
\G{uiUx,UiUx+i) — C(P)| = 2, then U 2 PuxUiUx+iPui+i is a heterochromatie path 
of length I and Uj^Uj^^i is the (jo — l)-th edge in this heterochromatie path, 
contradicting the choice of P. Therefore \G{uiUx,UiUx+i) — G{P)\ < 1 for any 
2jo + I < X < 1. I 
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Lemma 2.6 Suppose dS{v) > k for every vertex v G V{G) and the length of a 
longest heterochromatie path in G is I = \^~\. Then there is a heterochromatie 
path P = U 1 U 2 ... uiui+i in G and a v E V{G) — V{P) such that G{ui+iv) = 
G{UiU2). 


Proof. Let P = U 1 U 2 ■ ■ ■ uiUi+iVi be a path in G such that 

(a) UiPui+i is a longest heterochromatie path in G; 

(b) G{ui+iVi) = G(uj^Uj^^+i) and 1 < jo < ^ is as small as possible, subject to 
(a). 

Then we claim that jo = 1. We will show this by contradiction. Suppose 
jo > 1. Denote ij = G{ujUj+i) for 1 < j < /. 

Since the longest heterochromatie path in G is of length /, for any v G 
V{G) — V{uiPui+i) we have G{uiv) G G{P). On the other hand, d^{ui) > k. 
So there are at least k — I = [|J different colors not in G{P) appearing in 
{uiU 3 ,uiU 4 ,... ,uiui,uiui+i}. Then there are xfs such that 3 < xi < X 2 < 

• • • < Xk-i <1 + 1 and \G{{uiU^^,UiU^^,.. - G{P)\ = k - 1. There¬ 

fore, by Lemma 2.2 and the assumption that jo > 1 we have {GN{ui+i) — 
G{uiui+i, U 2 U 1 + 1 ,..., ui_iui+i, uiui+i)) C G{P) - {ii, 4i-i, • • •, Since 

d''{ui+i) > k, we have = I > \G{uiUi+i,U 2 Ui+i,.. .,uiui+i)\ > k - \G{P) - 
{iiGxi-i, ■ ■ • = k-{l-k + l-l) = 2k-2l + l = 2 [|J -h 1. Since if 

/c = 0 {mod 3) then 2[|J -|- 1 > [^], we need only to consider the cases when 
k = 1 {mod 3) or /c = 2 {mod 3). 

Case 1. A; = 1 {mod 3). 

In this case, we have [yI =2[|J-|-1. Then GN{ui+i) — G{uiUi+i,U 2 Ui+i,, 
uiUi+i) = G{P) - 

5 15 • • • 7 1 } and G{uiui+i) ^ G{P) - {Ai, ..., 

Then, we can get G{uiUi+i) = ix^-i-i, i-e-, Xk-i = 1 + 1. 

Noticing that G{uiJ^iVi) = ij^ and jo is as small as possible, we have {^ 2 , • • •, 
t,,.4}n{G{P)-{t4, ■ ■ ■ 1 ixis-i—i }) = 0, and so {3,4,..., jo} C {xi,X 2 ,..., 

Xk-i}. Hence, by Lemmas 3.3 and 3.4 we have (xi, X 2 , ■ ■ ■, Xk-i} + (3,4,..., jo}U 
{ 2 jo + 1,... ,l + 1}, and |{a;i,a; 2 ,.. .,Xk-i} 0 { 2 jo + l,2jo + 2,... ,l + 1 }| < 
^ a+i)-( 2 jo+i) j Y i_ Consequently, \{xi,X 2 , ■ ■ ■ ,Xk-i}\ < (jo- 

2 ) -|- [ 2 J — jo + 1 = L|J ~ 1 < LfJ = k — I, a, contradiction. 

Case 2. k = 2 {mod 3). 

In this case, we have [y] = (2[|J -|- 1) -|- 1. We distinguish the following two 
cases: 

Case 2.1. Xk-i = 1 + 1. 

Since (xi, 0 : 2 ,..., Xk-i} C {3,4,..., jo}U{2jo-|-l,..., by Lemma 2.4, and 
|{a;i,a; 2 ,... n (3,4,..., jo}| < |{3,4,..., jo}| = jo - 2, \{xi, X 2 ,..., Xk-i} (3 

{2jo -I- 1,..., / -I- 1)1 < [L±i)zlEzo±l)j _|_ 1 = [|J — jo + 1 by Lemma 2.5, we have 
|{a;i,a; 2 ,.. .,Xk-i}\ < (jo - 2) -f- ([|J - jo + 1) = \^] - 1 = [^\ = k - 1. Then 
{xi,X 2 ,.. .,Xk-i} = (3,4,..., jo,2jo + l,2jo + 3,...,1-1,1 + 1}. 

Since (yI = (^Lfj +1) +1) there is at most one color in G{P) — (ii, • • •, 

ixu-i-i} contained in G{{uiUi+i,U 2 Ui+i,.. .,uiUi+i}), i.e., |(C(P) - • • •, 

ixk-i-i}) - {GN{ui+i) - G{{uiui+i, U 2 U 1 + 1 ,..., uiui+i}))\ < 1. 
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If jo > 3, then |{jo + 1, • • •, 2jo — 1}| = jo — 1 > 2, and so there exists a 

V G V{G) — V{P) such that C{ui+iv) = ijQ+s for some 1 < s < jo — 1. Then 
U 2 joP~^uiU 2 jQ+iPui+i is a heterochromatic path of length / and Uj^+s+iUjo+s is 
the (jo — s)-th edge in this heterochromatic path, contradicting the choice of P. 

Therefore we need only to consider the case when jo = 2, then xi = 2jo+l = 5. 
In this case, there exists a n G V{G) — V{P) such that C{ui+iv) G If 

CiuiJ^iv) = ijQ+i = *2io-i) then U 2 jQU 2 jQ-i is the hrst edge in the heterochromatic 
path U 2 joP~^UiU 2 jo+iPui+i of length /; if C{ui+iv) = then Ux^+iUx^ is the hrst 
edge in the heterochromatic path Uxi+iP~^uiUx 2 Pui+i of length /, contradicting 
the choice of P. 

Case 2.2. Xk-i <1 + 1. 

In this case, we can get {xi,X 2 ,..., Xk-i} + {3,4,..., jo} U {2jo + 1, 2jo + 
2,...,/} by Lemma 3.3, |{a;i,a; 2 ,..., a;fc-z}n{3,4,..., jo}| < jo-2 and |{a;i,a; 2 , • • •, 
Xk-i} n {2jo + 1,..., /}| < [Li4^±l)j + 1 = _ jp + 1 = 1 _ jp by Lemma 3.4. 

Consequently, \{xi,X 2 ,. .. ,Xk-i}\ < (jo-2) + (|-jo) = |-2 = 
a contradiction. 

From the arguments of all the above cases, we get that jo cannot be larger 
than 1, and so jo = 1. I 

Now we are ready to give our main result. 

Theorem 2.7 If (P{v) > k >7 for any v G V{G), then G has a heterochromatic 
path of length at least (yI + I- 

Proof. We will prove the theorem by induction. 

li k = 7, our Lemma 2.1 guarantees that G has a heterochromatic path of 
length at least 6 = + 1. 

Assume that if P{v) > k — 1 for any v E V (G), G has a heterochromatic path 
of length at least + 1. Then we need only to show that if P{v) > k for any 

V E V(G), G has a heterochromatic path of length [y] +1. Since if A; = 0 {mod 3) 

then + 1 = (yI + 1, we need only to show that if A; = 1,2 {mod 3), G 

has a heterochromatic path of length at least [yI + I- 

By the assumption we know that G has a heterochromatic path of length 
at least _|_ 1 = (yI- Assume that the longest heterochromatic path 

in G is of length [y 1- Theii) by Lemma 2.6 G has a heterochromatic path 
P = U 1 U 2 ... uiui+i of length / = [yI there exists a vi E V {G) — V{P) such 
that G{ui+iVi) = G{uiU 2 ). Denote ij = G{ujUj+i) for 1 < j < /. 

Since d'^{vi) > k, we have that d'^{ui) > k and the longest heterochromatic 
path in G is of length /, and so there exist yfs and Xj+ such that ‘I < yi < 
y 2 < Vs < ... < Vk-i < I and 3 < xi < X 2 < ... < Xk-i < / + 1, and 
\G{{uy^vi,Uy^vi,... ,Uyf^_^vi])-G{P)\ = k-l and \G{{uiUx^,uiUx 2 Vi,.. .,uiUxi,_i}) 
-G{P)\ =k-l. 
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If there exists a jo such that l<jQ<k — I — 1 and Vj^+i = Vjo + 1) then 
uiPuy^^viUy.^j^iPuiJ^i is a heterochromatic path of length / + 1, a contradiction. 

If 1/1 =2, since k — I = [|J >2, then there exists a j such that I < j < k — I 
and C(uiUxj) ^ C{P) U C{u 2 Vi). Then Uxj-iP~^U 2 ViUi+iP~^UxjUi is a hete- 
rochromatic path of length / + 1, a contradiction. 

If Xk-i = 1 + 1, since k — I = [|J >2, then there exists a j such that 
1 < j < k-l andC(uy.Ui) ^ {C{P) UC{uiUi+i)). Then viUy.P~^UiUi+iP~^Uy^+i 
is a heterochromatic path of length / + 1, a contradiction. 

If there exists a jo such that l<jo<k — I — 1 and = xj^ + 1, then 

U 2 PuxjgUiUxj^+iPui+iVi is a heterochromatic path of length / + 1, a contradic¬ 
tion. 

Consequently, we have 3<a;i<a;i-fl<a;2<a;2-l-l<...< Xk-i < I 
and 3 <//i<|/iH-1<//2<I/2 + 1<---< Vk-i < k Then CN{ui+i) - 
C{{uiui+i,u2ui+i,...,ui_iui+i,uiui+i}) C C{P) - {i 

XI —1) *X2 —1) • • • ) *Xfc_( —1 } by 

Lemma 2.2 and the fact that P is the longest heterochromatic path in G. On 
the other hand, Xk-i < I, and so ii G C{P) — {ixi-i,ix 2 -ij ■ ■ ■ Pxt-i-i}- Then 
CN{ui+i)-C{{uiUi+i,U2Ui+i,.. .,ui_iui+i}) C C{P)-{i 

Xi—1') —1? * * * 5 l}* 

We distinguish the following two cases: 

Case 1. k = 1 {mod 3). 

Since d'^iui+i) > k, we have / - 1 > \C{{uiUi+i,U 2 Ui+i,... ,ui_iUi+i})\ > k - 
\C{P)-{ixi-i,ix 2 -i, ■ ■ .,ixk-i-i}\ = k-l+{k-l) = l-l. Therefore UiUi+i e E{G) 
and G{uiui+i) e {ixi-i,ix 2 -i, ■ ■ .,ixk-i-i}- Suppose G{uiUi+i) = G{uxj-iUxj) for 
some 1 < j + k — 1. 

On the other hand, since 3<|/i<//i-t-l<//2<//2 + l<---< Uk-i < I and 
3<a;i<a;i-f-l<a;2<a;2+ !<...< Xk-i < I, we get that 2{k — /) — 2 < y^-i — 
Hi < ^ — 3 = 2{k — l)—2 and 2{k — l) — 2 < Xk-i—Xi < 1 — 3 = 2{k — l)—2, and then 
{yi, 1 / 2 ,..., yk-i} = {3,5,..., / - 2, /} = {xi, X 2 ,..., Xk-i}, viUx^Pui+iUiPux^-i is 
a heterochromatic path of length / -|- 1, a contradiction. 

Case 2. k = 2 {mod 3). 

Since 3<//i<//i-|-l<//2<//2+ !<...< Uk-i < we have 2{k — / — !)< 
yk-i — yi < I — 3 = 2{k — / — 1) -|- 1. Then we get that //j+i = yj + 2 for 
j = 1,2,..., k — I — 1 or there exists a jo such that 1 < jo ^ k — I — 1, and 
Vj+i = %• + 2 for any 1 < j < /c - / - 1 and j ^ jo, yj^+i = yj^ + 3. 

Case 2.1 yj^i = yj + 2 for j = 1,2,... ,k — I — 1. 

In this case, we have {GN{ui+i) - G{{uiUi+i,U 2 Ui+i,... ,ui_iui+i,uiui+i})) C 
G{P) — {iyj^,iy.^^i,iy. 2 py 2 +iy ■ ■ ■ Pvk-i-i} by Lemma 2.3 and the fact that P is 
the longest heterochromatic path in G. Noticing that yk-i < /, we have p ^ 
\iyi, f'yi+ 1 , iy 2 ■) O 2 + 1 1 ''' 1 ' Then {GN{ui-^-i') C({'Ui'U;+i, U 2 Ui-ki, ■ ■ ■, 

})) — kj{P) {* 1 / 1 ) * 1 / 1 + 1 ) * 1 / 2 ) * 1 / 2 + 1 ) . . . ) iyk-i — l}- 

On the other hand, GN{ui+i) - G{{uiUi+i,U 2 Ui+i,... ,ui_iUi+i}) C G{P) - 

{*Xl —1) *X2 —1) . . . ) Gk-l — i }. Therefore {GN{ui+i)-G{{uiUi+i,U 2 Ui+i,.. .,ui-iui+i} 

)) — kj{P) — {* 1 / 1 ) *1/1 + 1) *1/2) *1/2 + 1) . . . ) iyk-l-l} 0 {i^i-l) *X2-1) . . . ) *X/;_;-l}. 

Note that 3 < xi < xi d- 1 < 0:2 < ... < Xk-i < 1. Then {xi,X 2 ,..., Xk-i} — 
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{Vi 1/2) 1/2 “1“ 1) • • •) Dk—i} 7 ^ 0 and ix2—ii ■ ■ ■ ■> > ^yi+i> ^j/25 • • • ■> 

hk-i-i} 7 ^ 0 - 

Consequently, l-l> \C{{uiUi+i,U2Ui+i,... ,ui-iui+i})\ > k - \C{P) - 

{iyi , ) ^j/2+1) • • • ) —l} C — ia;2 —1, • • • , —l} I ^ ^ /-|-2(/c / 

1 ) + 1 = 3 /c — 3 / — 1 . It is easy to check that if /c > 8, 3 /c — 3 / — 1 > / — 1 , and so 
we need only to consider the case when k = 8. 

li k = 8, 1 — 1 = 3 k — 31 — 1, and so we need only to consider the case 
when \{ix^-i,ix2-i] - {iyiPyi+i]\ = 1 - Denote ^ = C{uy^Vi), ig = C{uy^Vi). We 
distinguish the following two cases: 

Case 2 . 1.1 yi = 3 and 1/2 = 5 . 

In this case, we need only to consider the cases when xi = 3 and X2 = 5 , 
or xi = 4 and X2 = 6. Then C{uiUi) G {i2)HiH} or CiuiUj) G {i3,i4,i5}. If 
CiuiUj) = ig or *5, then U4U5V1U3U2U1U7UQ is a heterochromatic path of length 7 ; 
if C^UiUy) = 12 or *4, then U4U3V1U5UQU7U1U2 is a heterochromatic path of length 
7 , a contradiction. 

Case 2 . 1.2 |/i = 4 and y2 = 6. 

In this case, we need only to consider the cases when xi = 3 and X2 = 5 , or 
xi = 3 and X2 = 6, or xi = 4 0:2 = 6. Then Ciuiu^) G {*2, *4, *5} or {*3, 14, is}. If 
Ciuiu^) = is or is, then U5U4V1UQU7U1U2U3 is a heterochromatic path of length 7 ; 
if C{uiUy) = i4, then u^UQViU4UgU2UiU7 is a heterochromatic path of length 7 . So, 
we may assume C{uiU7) = 12. Then C{u2U7, U3U7, M4M7, u^uj) fl {ii, is, i4, is, ie} ^ 
{i4, is} and |{C(m 2M7, M3M7, M4M7, Ms^r)}! = 4 . SoC(m 3M7) = i4 or is or some color 
^ {ii,i2, • • • ,i6}- Let 


P' 


ViU4U5UeU7U3U2Ui if C{U3U7) ^ {ii, i 2 ,..., ie, *7}; 

U 2 UiU 7 U 3 U 4 U 3 UqVi if C{U3U7) = ; 

U 2 UiU 7 U 3 U 4 ViUqU 3 if C{U3U7) = i 4 ; 
U3U4V1UQU7U3U2U1 if C{u3U7) = is. 


Then, P' is a heterochromatic path of length 7 , a contradiction. 


Case 2.2 There exists a jo such that l<jo<k — I — 1 , and t/^+i = yj + 2 
for any 1 < j < /c - / - 1 and j 7^ jo, %o+i = %o + 3 - 

In this case, we have CiV(M/+i) - C{{uiUi+i,U2Ui+i,... ,ui-iui+i,uiui+i}) C 
C{P)-{iy^,iy^+u • • • ,*%o-i,%o+iP%o+i+i’ • • • ^7 Lemma 3.2 and the fact 

that P is the longest heterochromatic path in G. Note that yk-i < I, and so ii ^ 
} 7 yi, 7 yi_|_ 4 , 7 y 2 py 2 +l, * * * Then CN(Ui 4 . 4 ^ C(}'U 4 'U/^ 4 ,'U 2 ^/+ 1 , • • • l^/+l} 

) c C(P) - {*2/1, *2/1+1’ • • • , *2/jo-l’ *2/10+1’ *2/10+1+^’ ■ ■ ■ ’ *2/fc-i-l}‘ 

On the other hand, CN{ui+i) - C({miM/+i, M2**/+i, ... ,m/_iM/+i}) C C(P) - 
{*0,1 — 1, *0,2 — 1, • • • , *0,2._i —1 }. Therefore (CiV(M2+i)-C({MiM/+i, M2 **/+i, ..., ui-iui+i})) 

— L*(-D)~{i2/1, *2/1+1, • • • , *2/io“l’ *2/10+1’ *2/10+1+1’ ■ ■ ■ ’ *2/fe-/-l}D{*o,i-l, *0,2-1, • • • , Gk-i-l 

}• 

Note that 3 < Xi < Xi + 1 < 0:2 < ... < < /, |{a;i, X2, ■ ■ ■, Xk-i} — {*/i + 

l,*/2,*/2+l,...,*/io}U{*/io+i+l,%o+2,---,*/fc-/}| > 2 . So|{i 0,1 — 1, *X2 —1, • • • , *0,fc_i —1} 

— {*2/1, *2/1+1, • • • , *2/iq- 1, *2/10+1’ *2/10+1+1’ • • • ’ *2/fe-Z-l}l — 

Consequently, l-l> |C({miM2+i, M2**z+i, ..., **z-i**/+i})| > A; - |C(P) - 

{*0,1-1, *0,2-1, • • • , *o,2._i-l} U {iyi, iyi + l, • • • , *2/iq- 1, *2/jQ + i, *2/ig + i + l, • • • , *2/fc-i-l}l — ^ ~ 
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I + 2(jo — 1) + ‘2{k — I — jo — 1) + 2 = 3k — 31 — 2. It is easy to check that if 
k > 11, 3k — 31 — 2 > I — I, and so we need only to consider the cases when k = 8 
or k = 11. 

Case 2.2.1 k = 8. In this case, yi = 3 and 1/2 = 6 . Denote = C^UoVi) and 
is = C{uqVi). We distinguish the following cases: 

Case 2.2.1.1 Xi = 3 and X 2 = 5. Then |C(miM 7 , M 2 M 7 , M 3 M 7 , M 4 M 7 , M 5 M 7 ) — 
{DDsDsDe}! > 4 . 

If Ci^UiU^) ^ {iT,is}i then UiU^UiU 2 UsViUoUi is a heterochromatic path of 
length 7, a contradiction. So we may assume C{uiu^) G {i^^is}. 

If C{ulU^) = * 2 , then viUsU 4 U 5 UoU 7 UiU 2 is a heterochromatic path of length 
7, a contradiction. 

If C{uiUy) = *4, then since \C{uiU7, U2U7, U3U7, U4U7, m5m 7) —{ii, *3, is, ie}] > 4 , 
we have C(m 2M7, M3M7, M4M7, M5M7) - {ii, is, D, i5D6D7D8} 7^ 0 - Let 


{ V1U3U4U5UGU7U2U1 if C{u2U7) ^ {ii, is, U, is, k, ii, ^s}; 
U7,UoViU3U4U7UiU2 if C{U4U7) ^ {ii, is, ii, is, *6, *7, is}', 
^^4^^3^'l^^6^^s^^7^^l^^2 if C(m 5M7) ^ {ii, is, ii, is, i&, ij, 

Then, P' is a heterochromatic path of length 7, a contradiction. So C{u3U7) — 
{ii, is, i4, is, ie, i7, is} 7^ 0- In this case, U2UiU^U4U3U7UqVi is a heterochromatic 
path of length 7 if C(miMs) = i7. Now it remains to consider the case when 
C{uiU7,) = is. Since U1U2U3V1UQU3U4 is a heterochromatic path of length 6, 
C{uiU3, U4U4, UiUe, U1V4) - {ii, i2, H, is, ie, P, is} 7 ^ 0 - Let 


P" 


U 5 U 4 U 1 U 2 U 3 V 1 UQU 7 

U2U3ViU7UeUiU5U4 

ViUiU2U3U4U7,UqU7 

U 2 U 3 U 1 V 1 U 7 UQU 3 U 4 


if CiuiUi) ^ {ii,i 2 ,i 4 ,is,* 6 ,* 7 ,* 8 }; 

if C(miM 6) ^ {il, i2, i4, is, *6, *7, *8}; 
if C{uiVi) ^ {ii,i2,is,ii,ib,i&,i7,is}', 
if CiuiVi) = is. 


Then, P” is a heterochromatic path of length 7 , and so CiuiUs) ^ {ii, i2, i4, is, ie, i7, 
is}, i.e., C{uiU3) ^ {ii, i2, is, i4, *s, *e, *7, ^s}- Denote ig = C{uiU3). Since C{uiVi, 
U1U4, UiUq) C {ii, i2,..., ie, is, ig} and P{ui) > 8 , there exists a Ug ^ {wi, tig,..., U7, 
ui} such that C{uiV2) = is- Then, V2UiU2U3ViUqu^U4 is a heterochromatic path 
of length 7 , a contradiction. 

If C{uiU7) 7^ i4, then |C(m 2M7,M3M7,M4M7,M5M7) — {ii,is,is,ie}! = 4 . Note 
that if C{uiU7) = is, then U4U^UoViU3U2UiU7 is a heterochromatic path of length 
7 ; if C(miM 7) = is, then U3U4U3V1UQU7U1U2 is a heterochromatic path of length 7 . 
Then we can conclude that there exist vertices ^2,^3 ^ (mi, M2, Ms, M4, Ms, Me, "W?} 
such that C{u7V2) = is, C{u7V3) = is. If C(miMs) = is, then M1M3M2M1MSM6M7M2 
is a heterochromatic path of length 7 , and so we assume C(miMs) = i7. Since 
M1M6MSM1M2M3M4 is a heterochromatic path of length 6, we have C(miMi, MgMi, M4M1, 

MsMi) - {ii,i2,i3 ,*s,* 6 ,^ 7 ,^ 8 } 7 ^ 0 - Let 


P' 


M 4 M 3 M 2 M 1 M 1 M 6 M 7 M 3 

M 4 M 3 M 2 M 1 M 7 M 6 M 5 M 1 

M 1 M 4 M 3 M 2 M 1 MSM 6 M 7 

U 4 U 3 U 2 U 1 U 5 V 1 U 0 U 7 


if C(miMi) ^ {ii,i 2 ,i 3 ,i 5 ,* 6 ,P,* 8 }; 
if C(m 2 Mi) ^ {il,i 2 ,i 3 ,*S,* 6 ,* 7 ,* 8 }; 
if C(m 4 Mi) ^ {il,i 2 ,i 3 ,*S,* 6 ,* 7 ,* 8 }; 

if C(MsMi) ^ {ii,i 2 ,i 3 ,i 5 ,* 6 ,* 7 ,* 8 }- 



















Then, P' is a heterochromatic path of length 7, a contradiction. 

Case 2 . 2 . 1.2 xi = 3 and X2 = 6. Then \C{uiU7,U2U7,U3U7,u^ut,u5uy) — 
{ii,hPA,k}\ > 4 . 

If C{uiU7) = *2, then V1U3U4U5UQU7U1U2 is a heterochromatic path of length 
7; if C{uiU7) = is, then U5U4U3V1UQU7U1U2 is a heterochromatic path of length 7, 
a contradiction. So we conclude that \C{u2U7, U3U7, M4M7, U5U7) — {ii, iejl = 
4. If C{u2U7) ^ {ii, *3, *4, *5, *6, *7}, then V1U3U4U5UQU7U2U1 is a heterochromatic 
path of length 7; if C{u2U7) = is, then U5U4^U3ViUqU7U2Ui is a heterochromatic 
path of length 7, a contradiction. So C{u2U7) = iy. Since U1U2U3V1UQU5U4 is 
a heterochromatic path of length 6, we have C{uiU3,uiU4,uiU5,uiUq,uiVi) — 
{ii, i 2 , is; H, is; * 7 ; ^s} 7 ^ 0 - Let 



U 1 U 3 U 2 U 7 V 1 UQU 5 U 4 

U 1 U 4 U 3 U 2 U 7 V 1 UQU 5 

U 1 U 5 U 4 U 3 U 2 U 7 V 1 UQ 

U 1 UQU 5 U 4 U 3 U 2 U 7 V 1 

UiViU7U2U‘iU4U7,UQ 


if C(MiM 3) ^ {il,i2,*3,*4,*5,*7,*8}; 
if C{uiU 4 ) ^ {il, 72, is, *4, is, *7, *8}; 

if C{uiU 7 >) ^ {il,i2,i3,74,i5,77,78}; 
if C{UiUq) ^ {ii,i2,i3,i4,75,*7,*8}; 
if C(Mini) ^ {ii,i2,i3,i4,75,*7,*8}- 


Then, P' is a heterochromatic path of length 7, a contradiction. 

Case 2 . 2 . 1.3 xi = 4 and 0:2 = 6. Then |C(miM 7, M2M7, M3M7, M4M7, wStiy) — 
{ii,i 2 ,i 4 ,i 6 }| > 4 . 

If C(miM 7) = is, then V1U3U2U1U7UQU5U4 is a heterochromatic path of length 
7; if C{uiU7) = is, then V1UQU7U1U2U3U4U5 is a heterochromatic path of length 
7, a contradiction. So we get that |C(m2M7, M3M7,M4M7,MSM7) — {ii,i2,*4,ie}! = 4 . 
If C(miM 4) 7^ i7, then V1U3U2U1U4U5UQU7 is a heterochromatic path of length 7, 
and so C(miM4) = i7 and C(miM 6) ^ {ii, i2, is, i4, is, ie, *7}. If C{uiU7) = 12, then 
V1U3U4U5UQU7U1U2 is a heterochromatic path of length 7, and so there exists a 
V2 ^ {ui, U2, U3, U4, U5, Uq, U7} such that C{u7V2) = 12- Then, U1UQU5U4U3V1U7V2 is 
a heterochromatic path of length 7, a contradiction. 

So, in the case k = 8, there exists a heterochromatic path of length 7 in G. 


Case 2 . 2.2 k = 11 . Denote ig = C{uy^vi), iio = C{uy^vi) and in = C{uy^vi). 
We distinguish the following two cases: 

Case 2 . 2 . 2.1 7/1 = 3 , 7/2 = 6 and 7/3 = 8. 

We can easily get that 0:3 = 7 or 0:3 = 8. Since 3 /c — 3 / — 2 = / — 1 in this case, 
we have |C( 77 i 779 ,772M9, • • •, we^g, 777779) - ({ii, i2, is, i4, is, ^s} - {i^i-i, I = 7 . 

Then, C( 77 i 779 ) G ix2-i, * 6 ,77}- Let 


P' 


ni77377477577677777877977i772 if C(77i779) = 12, 
77477577677777877977i772773ni if C{UiU^) = 

< V1UQU7USUQU1U2U3U4U5 if C(77 i 779) = is; 
U7USUQU1U2U3U4U5UQV1 if C(77 i 779) = ig; 
ni77877977i772773774775776777 if C(77i779) = G- 


Then, P' is a heterochromatic path of length 9 , a contradiction. So C(77i779) = i4, 
and then we can conclude that 5 G {xi, X2} and 4 ^ {xi,X2}. Therefore, there ex¬ 
ists a 7^2 ^ {774, 772, ... , 778, Tig} SUch that C(7797;2) = is, and U 5 UQU 7 UsViU 3 U 2 UiUgV 2 
is a heterochromatic path of length 9 , a contradiction. 
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Case 2.2.2.2 2 /i = 3, j /2 = 5 and y^, = 8. 

Since 3 A: — 3 / —2 = / — 1 in this case, we have |{ii, *2,*6, *7,7x2-1) 
*0)3 — l} I = 2 and \C{uiUij, U2Ug, . . . , tlQllg, UfUg) ({^l, 72, 75, 7(3, 77, ig} { 

7 x3-i})| = 7 . Then we can get that Xi = 3, X 2 = 5 and X 3 = 7 , or xi = 3, 0:2 = 5 
and X3 = 8, or xi = 4 , 0:2 = 6 and X3 = 8, and (7(771779) G {73,74, 7 xi-i, 7x2-i, 7x3-i}. 
Let 


P' 


ViUy,U4U^UQU'iU%UgUiU2 if C{uiUg) = 12] 
U4U^UQUiU^UgU\U2U^Vi if C{uiUg) = 73 ; 
< ViU^UQUjU^UgUiU2U^Ui if C{UiUg) = 74 ; 
UQU'jU^UgUiU2U^UiU^Vi if C{UiUg) = i^] 
ViU^UgUiU2U^UiU^U^U'j if C{UiUg) = 77 . 


Then, P' is a heterochromatic path of length 9, a contradiction. So C{uiUq) = ig, 
and then xi = 3,X2 = 5, X 3 = 7. Therefore, there exists a 7^2 ^ {txi, 772,..., Tig, 779} 
snch that C{uqV 2 ) = 75 , and U'rUsViu^U 4 UzU 2 UiUgV 2 is a heterochromatic path of 
length 9, a contradiction. 

So, in the case /c = 11, there exists a heterochromatic path of length 9 in G. 


Up to now, we can conclnde that if (P{v) > k >7 for any v G U((7), then G 
has a heterochromatic path of length at least + * 


3. Long heterochromatic paths under the color 
neighborhood union condition 


Let G be an edge-colored graph and s a positive integer. Snppose that \GN{u) U 
GN{v)\ > s for every pair of vertices u and v of G. It is easy to see that if 
s = 1,2 then G has a heterochromatic path of length s, and if s = 3 then G 
has a heterochromatic path of length 2. In |1], the anthors showed that G has a 
heterochromatic path of length at least [|] -f 1 for s > 1. In this section we will 
improve this lower bonnd for s > 4. 

Theorem 3.1 Let G be an edge-colored graph and s a positive integer. Suppose 
that \GN{u) U GN{v)\ > s > 4 for every pair of vertices u and v of G. Then G 
has a heterochromatic path of length at least . 

Proof. By contradiction. Snppose P = 774772 ... Ti/Ti^+i is a longest heterochro¬ 
matic path of length I < . Denote ij = G{ujUj+i) for j = 1, 2,..., /. 

Since P is a longest heterochromatic path in G, there exist xfs and 7/j’s snch 
that 3 < xi < X 2 < ■ ■ ■ < Xt^ < I 1 and 2 < 7/1 < 7/2 < • • • < t/ij < / — 1, and 

ti = \GN{ui)-G{P)\ = I (7(77177x1, 77 i 77x 2, . . . , 77 i77xtJ|, ^2 = |(77V(7i/+l) - (7(P) | = 

I ^ iP'yp^l+l ) 'UyL^l+l ) • • • ) ^yt 2 ^^+l) I 8'Ild (7 (77i77xi, U\Ux 21 ■ ■ ■ t ) Pi (7 (77yi77;-|_i, 

77^2 77^+1,... ,77j/i277/+i) = 0. Then ti + t 2 > s-l > s- = r^l > 

^ ^ > L^J - 1 > ^ - 1. Denote {zi,Z 2 ,..., zt^} = {yi,y 2 , ■ ■ • , 7 / 12 } n 

{xi — 1, X 2 — 1,..., Xii — 1}, and so 2 < zi < 2:2 < • • • < -^73 < / — 1. Since 
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2 < ui < y 2 < ■ ■ ■ < yt 2 ^ I — ^ and 2 < xi — 1 < X 2 — 1 < ■ ■ ■ < Xt^ — 1 < 
we have > ti + t 2 — {I — 1) > 0. Then, from Lemma 2.2 we can get that 
C7 V(mi) • •. ,uiuuuiui+i) C C{P) - {izi,iz 2 , ■ ■ CN{ui+i) - 

C{uiui+i, U 2 U 1 + 1 , ..., ui_iui+i) C C(P)-{4,, *22, • • •, Ps}- So, CiV(ni)UCiV(M/+i) 
C (C(P)-{i2j,42> • • • ,P3 })UC(MiM3,MiM4, • • . ,UiUuUiUi+i,U2Ui+i, . . .,Ui_iUi+i). 

Therefore, |CiV(ni) UCiV(M/+i)| < |C(P) - • • • > Pall + |C(“i“ 3 > “i“4, • • •, 

uiUuUiUi+i,U2Ui+i,... ,ui-iui+i) \ = (/-t3) + (2/-3) = 3/-3-^3 < 3/-3-(fi + 
t2)+ (/ — !) = 4/ —4 —(fi + t2) < 4/ —4 —(s —/) = 5/ —4 —s < 5* — 4 —s < s, 

a contradiction. 

So, if |CiV(M) U CN{v)\ > s > 4 for every pair of vertices u and v of G, then 
G has a heterochromatic path of length at least • ■ 

Although we cannot show that the above lower bound is best possible, the 

following example shows that the best lower bound cannot be better than [|J +1. 

Let s be a positive integer. If s is even, let Gg be the graph obtained from the 

complete graph Ks+i by deleting an edge; if s is odd, let Gg be the complete 

graph Ks+3. Then, color the edges of Gg by different colors for any two different 
2 

edges. So, for any s > 1 we have that |CiV(n) U CiV(n)| > s for any pair of 
vertices u and v in G, and any longest heterochromatic path in G is of length 
[|J +1. This example shows that the lower bound in our Theorem 4.1 is not very 
far away from the best. 
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